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IINTRODUCTION

In defense preparedness studies, decisions requiring evaluation of tile effect ivene;'. of
existing, and conceptual weapon systems often arise. Such evaluations usually require
some measure of the vulnerability of the subject systems relative to a specified Scen-rio
and ml sion profile. For example, if one is considering which weapon would be .rt

effective against an enemy tank of the 1990O's, a great deal of uncertainty surrould% the
S description of this future threat. Current vulnerability model., require as input a1

detailed computer des cription of the system along with a configuration of its critical
components.

Present met hods, o unrbltaaysspvide a point estimate; e.g.. a

probability of kill or a vulnerable area, with no corresponding measure of uncertaintyN
that is inherent in (tie e-stimate. Attempts to model this uncertainty stochastically have
been made by Dotterweich and Taylor and Bodt. 2

In this document, wve will illustrate ho-w vagueness or uncerlaintv can be modi led
by fuzzy- sets and how this uncertainty is reflected in the final measure of vulnerabilitv.
Our emphasis will be on the computation of vulnerable area of a surrogate systemi "ithl

*uncertainty present in the cell probabilities. The uncertainty in the cell probabillii's
can be attributed to uncertainty in assigning component kill probabilities, to error 19

*engfI neeri ng judgement in determining critical areas of components and component kill
criteria and to unknown synergistic effe-ts. Other contributions to uncertainty are of3 course present. strigfrom the target deSCription through a myriad of subjectiVe
decisions and engineering judgements inherent in the vulnerability analysis.

For purpose of completeness and comparison, a point estimate of ithe vulner~ib
area of the surrogate syistem will also be determined as it i-s currently' done inl
vulnerability analvyis. A point and interval estimate of the v ulneralle ara ill ief

d teried by a statistical procedure known asbootst rapping." Finaliy, a fuzz\
*Vulnerable area A4ill be calculated and the different approaches compared.

2. DESCRIPTlON OF A VULNER.ABLE AREAX COMPUTA*TION

Thle models currently us;ed for computing vulnerable area of armol(redt vthilou-.
*require a numbler of detailed inputs, including a geometric description of the tnrtt

spec .I yin the locatio-n, thi'ckness, and obliquity of armor plates andi the location anid
size of major compi mnents. For a specified direct ion of attack, impact lcal n, o)n lie
target are selected by superimposing a rectangular grid and choosing onc point or
impact within eachi grid cell. Then, at each point of impact, a ray is traced through the

E. J. Dotte rweich, "A Storhastic Approach to 1'ulnfrability Anatymqs ARI3RL- TJ?.0257h. Bal~eicl
Researcha Laboratory. JP'.

M S Taylor and 1? .4 flodt. "Construction of Appro.Timate Confidrner Iv;!rraol, for Prcba~hiy. cf-h ai

6ia to Ilootrtrap.- AR1IIIL. TJ?0257v, Baili.1tic Rre arch Laboratory, 19, 4



target model in the attack direction and a list of the components, barriers., enipt
spaces, and other structures encountered along the ray is compiled.

For each component encountered along the ray, a fragment mass and velocitv
together with an estimate of fragment shape is used to predict a bole area in the

component. A kill criteria in the form of a hole of minimum cross-sectional area in a
sensitive region" of the component is required in order to regard the component as

inoperable. If the predicted hole area exceeds the minimum hole area, then a
probability of kill Pk I h,, is assigned to the jth component encountered by the ith ray. InI

. determining probability of kill given a hit on a component, the vulnerability anilva-
- estimales the -presented area- of the component and the presented area of the se.'-iltI% v'-

region of the component. The estimated probability of kill is taken as the ratio of IIw"-
pre-cnted area of the sensitive region to the presented area of the component. (An
overall component kill probability is obtained by summing the sensitive area fron
several aspects and dividing by the corresponding total component presented area.)

*If several components are encountered along a ray, and determined to be killed.
then the probabilities Pklh,, are combined under an independence assumption to

I- calculate a probability of kill. Pklh,. associated with the ith cell. This probability is
then multiplied by the area of the cell. A i, to yield a "cell vulnerable area". cell
vulnerable areas are then summed over all the cells in the grid to obtain an estimated
target vulnerable area

A = Pk Ih.Ai (2.1)

for the given attack aspect. Hlafer and Hafer 3 and Nail 4 provide further details
concerning computation of vulnerable area.

3. ESTIMATION OF VLNERABLE AREA AND PROB.BILITY OF KILL

Consider the conceptual item of military hard',are illustrated in Figure 1. Without
loss of generality, the component edges are assumed to be parallel with the
supe rimpodse 4x4 rectangular grid. The numbers in the ith cell represent the
probatiliy Pkh, that the target will be killed should a prescribed round of ammunition
fired from a fixed range and orientation impact in that location.

The vulnerable area A, for the target is calculated by

Av Ed~ Pk hAi A Pk kh, (3.1)

-. T. F. Ilaffr and .4 S lafrr, " 1ulnrraoblly .4naly'is for Surfacr Tar t (4AST)," ARBRL- TR-6..'i."
Baliptit Ro, Parch Laboratory, 1979

4 C. L Nail. I'ulnerabfiti Anail/yis for Surfart Tarpffs IVAST), Rrniion I," Computer Scifnr r. "
Corporation Rerort CSC. TR- f- 740. 9c..
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(Vacant cells correspond to = 0b



%%here i is indexed over the cells of the grid. In this example, the cell aroas A, aro
identical and equal to A. The overall probability of kill I'k Is

uvhre A~ is the total presented area of the target. For the conceptual target sliov.n i
*Figure 1. the exact value-, of vulnerable area and probability of kill are A,= 105.1 and..

1% =0-41.

In Practice. th'e values Pk h, are unknown, and estimates 1 k Ih, are required to,
olam thle approximat ions

AP-

Dectermnining valid Pk h. estimates is a persistent problem because of the difficulty in

m~deling the underlying, damag-e mechanisms, and is an additional source or
unccrtainly. The bootstra1p procedure to be introduced in Section 4 assumes thev
irilix idlial i, are accurat ely represented, and does not attempt to assign a

C'MI-TI17n of error due to this uncertainty. This problem is however addressod in

a vct hn 7 '1( heecll I~ h,'s arc considered to be fuzzy numbers.

4. THE BOOTSTRAP

The bootstrap isa technique for data analysis whose goal is to extract information
Ifrom a set of dat a through repeated inspection. An expository article by Diaconis and
* -Efron. an intermediate-level paper by Efron and Gong. 6or a more advanced paper by

Erron serve a-s an introduction to the bootstrap.

Suppose %%e want to estimate some attribute 0 of a population X = xj 'E

%%here the Index set I may be finite or infinite. To obtain an estimate 0 of 0 a randomn
n

sample jx,) is taken from X and a statistic 6(x1 . x , ) is evaluated. For example.

if 0 =p (the population mean), then estimates

rP. Diaconil' and B. Efron, Computu.Ilnteneirc Afcthods in Statieticp. S-ifntific Arririan, (19 s'.1Ir-

B. Efron and G. G;ong, .4 Lr'i.urely Look at the Boote.trop, the Jockkniff. and Cro,P Volidaticn, Th,
Amrnrrion Siatiptirian, 87fJ919.S6-4c

r B. Efron. Bootstrap Methods: Another Look at the Jackknife, .4nnals of Statistics. 7f 1979. 1*J-f



1\ xi or 0()= median (x,) (11.

art, commonlv used; if 0 = 2 (the population variance), then

n(n - 1) (1.2)

is an appropriate stati stic. If random samples {xj are repeatedly drawn from X

and a statistic 0) evaluated, a distinct value of 0(' may be determined for each
samldh dra\on. These values are from the so-called sampling distribution of 0 ) )"
is itself a random variable under this sampling plan.

KnoNledge of the sampling distribution of O( ) permits questions of accuracy to 1w L
ans'-ered, confidence intervals to be constructed and hypotheses to be tested. Uiider
nppropriate as.,umptions, and for some functional forms of 0'1 , the samplil
distribution may be determined analytically; however, in most instances it cannot.
Furthermore, the option of repeatedly drawing random samples to construct an
empirical approximation to the sampling distribution for 0 is usually not available.

n

Typically, only a single sample of data {xi) exists for analysis.

The essence of the bootstrap procedure for the application here is as follows: If

samples, with replacement from {xj} are taken to generate 'bootstrap" samrple
n

X, and 0"-- (x......x) is determined a large number of times, the

diktribulion of b(,otstrapped p provides an approximation to the unknown sampling
distribution of 0 . (This procedure provides a Monte Carlo approximation to the
distribution of the nonparametric maximum likelihood estimate of 0.-

5. BOOTSTRAP DATA ANALYSIS

A random point of impact and its corresponding Pk h, were determined for each
16

cell on the target in Figure 1. These sixteen values X = {Wk I h.) form the data

base for all sub!-equent analyses- conventional, bootstrap, and fuzzy. In this instance.
the sixteen values formed the population that was sampled with replacement to
determine bootstrap estimates A" of the vulnerable area A,. Estimate A: was based
on a sample equal to the number of cells in the overlaid grid. One thousand samples of
sixteen were drawn from X, and one thousand estimates A, computed. The
approximation to the distribution of A, is shown in Figure 2.

i-i
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The histogram in Figure 2 is a bootstrap estimate of the sampling distribution Of

A..The median of this distribution, which we will take as an estimate of A,~ is1
A, 132.8 (compared to the true Vulnerable area A, = 105.1). An approximate

central 90%- confidence interval for A., based on the bootstrap is [9.3 163.6].

In this example, the median of the bootstrap distribution is considerably larg-er
tban the true vulnerable area. This is because the sample X which forms the basis for all
the bootstrap calculations estimates A, to be 133.2; i.e., the procedure operates on a
sample providing a biased estimate of A., . The bootstrap has no way to compensate for

* an unknown initial bias, and in this instance led to a bootstrap estimate A , 132.8.
SThi.s bias has no effect on the estimate of variance of A, since the error is in locatiOn

* The location error can be controlled in this application by using a finer grid on the
target.

..............................



6. VAG(;ENESS IN VULNERABILITY ANALYSIS

As indicated in Section 2, to perform a vulnerability assessment of a given system,
it is often necessary to develop an elaborate computer description. Information about
the system may be varied in form and in abundance, ranging from intelligence data to
fullv documented commercial products. The system may be foreign or, in some
instances, conceptual. One of the most subjective parts of the assessment involves what
the vulnerability analyst may refer to as "engineering judgement." Knowkhdge of a
component's function, for example, may cause the analyst to predict its size and
location in a system for which little information is available. The analyst may be called
upon to judge armor thickness, material and thickness of component structures, and to
specify kill criteria for individual components, as well as their sensitive regions. The
analyst assesses the effect of different types and degrees of damage to a system and it"
components and infers the systems "loss of function." Given damage to a component or
subsystem, the analyst may infer a resulting loss of mobility, firepower, etc. The
meaning of some of these terms and appropriate measures for their quantification are
vague or imprecise; even vulnerability analysts differ as to the precise meanings and
interpretations.

At many places in a vulnerability analysis, the analyst is required to act upon
information which is vague or imprecise and, in some cases, where information is not
available at all. Some of the uncertainty present in the process is not due to
randomness and therefore probability theory may not provide a completely satisfactory
modeling tool. The theory of fuzzy sets provides a rationale for dealing with sources of .

uncertainty Mhich are non-random. A brief introduction to fuzz) sets is given in
Appendix A. In the following section we illustrate the application of fuzzy sets to
vulnerable area calculation.

7. CELL PRO.31AILITIES AS FUZZY NUMBERS

The vulnerable area model VAST requires as part of its input data a collection of
rays corresponding to fragment trajectories for given angles of attack. These rays are
represented by lists of components, armor and barriers that would be encountered by
the fragments. Along each ray or trajectory the mass and velocity of the fragment as it
exits obstaclhs it encounters is computed. For an initial fragment mass, velocity and
shape at the target surface, the residual mass and velocity are calculated from the so-
called TIIOR 8 equations. As the fragment encounters a particular component, a hole
area is estimated in that component.

*."

Project TIIORIThe Rsistanre of Varioup Af~talic Mat~rial.q to Perforation bt Stel Fra.",.r:..'.
Empirical Rdlationehipp for Fragment RePidual Velocity and Rfcidual Weight," Projat TiOR T.
Rfport No. 47. Balli.otic .4nallyie Laboratory, Inet. for Coopfrairt' Re.eearch, The JohnP ilc,-.':
Ini'treitl. April [19f1j.
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As indicated previously, there is a great deal of vagueness and subjectivity involved
in the target description, material specification and thickness, component I), h,
evaluation and kill criteria. Methods currently in use for vulnerability assessnifnt.
including the bootstrap procedure discussed in Section 4, do not take these uncertaintie,
into account. Assumptions regarding the fragment shape, barrier material and thickness
dictate that the hole estimate is actually a fuzzy number.

Incorporating fuzziness into both the kill criteria and the component conditional
kill probability results in the following fuzzy implication: "If the cross-sectional hole
area in the component is about cm2 or greater, then the component conditional kill
probability Pk lh, is 13, where B is now a fuzzy number. Thus, we have a fuzzy hole
area estimate and a fuzzy implication relating kill criteria with kill probability. If these
,were all "crisp," as assumed in the current method for vulnerability assessment, one

need only compare the predicted hole area with that of the kill criteria. If the predicted
hole area is greater than the required value, then a probability of kill is assigned. This is
described by the syllogism

If hisA, then pisB
h is A
p is B

lowevr. when A and B are fuzzy and we have h is A*, then we must use the
compositional rule of inference or the generali:ed modus ponens of fu::y logic to obtain
the conclusion. This can be represented by the syllogism

If h is A, then p is B
h is A*
p is BZ.

The resulting fuzzy component conditional kill probabilities, when combined, result in a
fuzzy cell probability and finally a fuzzy vulnerable area estimate, reflecting the
uncertainty in the process.

Zadeh 19 defined "If A then B" as a special case of the fuzzy implication -if A then
B else C.- Ntationally, we represent If A then B else C as ( AX3 )U ( -AXC ) %%herc
"-" indicates nvgation and X is the cartesian product of the two fuzzy • sets. If C is th'
empty set, then If A then 13 is written AXB ). Recalling that the cartesian product o)f
two fuzzy sets A and 13 is given by

pAil (x, y) min{iPA (x), PB (Y)}( (7.1)

L. A. Zadth, "Ouline of a N, " Approach to the 4nalysis of Complfx Sy tfrnis and Dteision Pro.,,..

IEEE Trans. on Syettemp, Man and Cyberneticsr, SMl ('S(1). (197,?/.

]&ibid.
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iecan derive a relation between the bole area and the kill probability, namely

PR (h, p) =min~pl 1 (h), lpp,(p)} (7.2)__

her(' R 1 1 X P k .-

Example: If If = 0.1/h,1 + 0.5/,, + 0.7/hl3 + 1/h 4  where hi1 < hi n

J)' h, 1 I/P1 + O.-V/P- + 1/P3 + O.)/4 + OVIP5 ,then Iti (h, p) is given by

pg (h. p)

p Pi P2 P3 P4 PS
h _ _ _ _ _ _ __ _ _ _ _ _

h, 0.1 0.1 0.1 0.1 0.1

1:11 0.1 0.5 0.15 0.5 0.1

h3  0.1 0.5 0.7 0.5 0.1

h4 0.1 0.5 1.0 0.5 0.1

Furthermore. if we assume that the hole estimate 1i, is given by

III = 0.3/hi + 1/h2, + 0.5/b 3 + 0.1/h 4 .

then we would like to combine this estimate with that given by the fuzzy implication to
infer something about Pk Ih,. To proceed further, we need to invoke the composit ional

r ule of inference.

Given universes, U and V, a fuzzN set A on U and a fuzzy relation R on UXV,
Characterized by PA~ (u) and PR (u, v) respectively, the compositional rule of inference
states that the result "4ill be a fuzzy set B on V' defined by

P19 (v) =U [PA (u) n PR (u, v)J

and written as 13 = A o R?.

............................................ 6



('ontinuing the above example, we have

w~ith B denoting the fuzzy set resulting from this composition. Formally,

Pn (p,) = u{ ,iu, (h1 ) nlPiR (hi, pl)} (7.1)

= U 10.3nl~l o.11ofnlo.1.o. 5 n o.1,O.I n o.1 )

= (0{.1, 0.1, 0.1, 0.1)y-

=0.1.

Similarly. PB (P2) = PB (Ns) = i (P4) =0.5, nd PB (P5) 0.1; hence III o R B .

If 11, = 1H, and both are non-fuzzy, then

H- OR = Pklh.~ (7.5)

in agreement with the classical modus ponens. With 1I, 34 11 nnd fuzzy, v.i'11 l;v a
fuzzy version of the classical modus ponens with the important difference thant III anld 11
can be different. Thus, in the above example, we have a hole estimate %whik-h ik
different, in general, from the required kill criterion.

Similar results can be obtained for each component encountered along the fra-m-ent
*trajectory. These kill probabilities must be ultimately aggregated into a cell kill

probability. As mentioned in Section 2, current methods include combining compone'nt
kills as independent events; however, the problem of aggregation of these probabilliies-

* remains open. Some methods of aggregating fuzzy sets such as union and intersection
are presented in Appendix A. Zimmerman and Zysno 11 have investigated several other
methods. For vulnerable area calculations, aggregation of the fuzzy sets requires further
research; therefore, in the following we shall assume that somec form of aggregation has

* been done, and the resulting probability of kill associated with each cell, Pk jh,- is a
fuzzy- number.

ILL

11HJ. Zimmrrman and P. Zysno, "Latent Connectives in Humnan Dercion Mlaking," Fu::y SO.- ad
Sj-oerwm 0(9501, 85,



8. FUZZY AITJIMETIC

In this section, we consider Pk I to be a fuzzY numhvr and A to be :I crilI
number; to simplify the notation we will denote i = Pk , h lqu:ition (3.1) %ill Ihn Iw
evialualMd by fuzzy arithmetic to obtain a fuzzy- number

A," A V I. 1. ,

Let i, (x) and j'~lY) be normalized membership functions of P, and P',, %iIh
support in 10.1]. The definition of the sum of two fuzzy numbers P, + P' , gil ,, ))I

" , r w(t) = max [ min (lp, (x), pp (v))1. --
x+v=t L-

We will choose our class of membership functions to be continuous and symmetric abut
a point x0 such that

monotone nondecreasing x < x3
- monotone nonincreasing x > x0 .

In particular, consider the following two functions:

0 X < n N.J

Xo < X < X3 ,

and

0 y<y ,
p. (y) = g(y) yI < Y<v, ( Y

Y2 < Y !5 Y3

where the functions it , (x) and lp, (y) are symmetric about x3 and , respect iv1

Dubois and Prade 12 show how to operate on fuzzy numbers of this form in an eflicitnt
manner. In Appendix B a geometric interpretation useful in evaluating (8.2) for our
specific choice of membership function is detailed.

The product of two fuzzy numbers A and P is defined as

SpA. pt) - max [min (PA (, p (y))] . (SB)

1'D. Dutoip and I1 pradf, "Operations on Fu:y \'umbere," Int. J. Syptrms Srif nre. 9(6j, (iv S* ti Y

17'
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In thk instance, A is coiis*h.d a crisp number, which has ats i's membership fun'tiri

(1 x'-A
PA (x- 0 otherwise.

Since. for a gixen t. PA () 0 for x -4 A, the only value undr consideration is x - A.
Th is. imlies

P A (t) max [mi (1, pp (y,}] (8.8)
Ay 

t

A

0. FUZZY DATA ANA.LYSIS

16
We "%ll now fuzzifv the data base P I introduced in Section 5 for the

bootstrap procedure and calculate the vulnerable area A, using fuzzy arithmetic. In

choosing the membership functions pp,, Ii=l, ,16, we make use of the fact that the

variance of the estimate Pk h, is Pklh,(l - k h) although no staiastical properties will
be invoked in the ensuing computation.

Let A, " 1/2 Pkh, (I - Pkh, I • The membership function for Pi was taken to be

-0 X Pk Ih,- 2A

lip ,(x) -- Li(x) PkIh. 2Ai < x <_ PkI h,- 61 .1)
Pklh, Ai < x < Pk h,

where Lj(x) is the line determined by the points (Pk h,- 2Ai, 0) and (Pk h,- Ai. I)
alo, recall that ipix1 is symmetric about Pkh,

For example, the fuzzification of P1 1 = 0.6 has as its membership function

0 x < 0.36

pp,,(xj = 25x/3 - 3 0.36 < x < 0.48 (9.2)

1 0.48 < x < 0. 60

16 .

From Dubois and Prade or Appendix B the fuzzy number P = Pi is given by

the membership function

,-'° p
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I °

I..0 x<a
PP(x) I(X a<x<b(.3b<x--_ c

A here
16

a (i-I h, 2A )

b -- (Pkh.-10

16
c = P Pklh,,

and (x) is a line segment determined by the points (a,O) and (b,l).

Finally, A, the product of the crisp number A and the fuzzy number P has as its
membership function

0 x_< Aa

PA,(X)- Lx) Aa < x < Ab (0.4)
I Ab < x < Ac "

where L(x) = l(x/A) on (Aa, Ab). The membership function for A, for the example in
Section 3 is given by

0 x < 93.7

p,(x) - .05Ix - 4.78 g3.7 < x < 113.4 (9.5)
1 113.4 < x < 133.2

as illustrated in Figure 3.

Since the function PA,(X) is symmetric about x = 133.2, values of vulnerable area
in the interval (113.4, 153.0), where the membership function takes on value one, are
equally acceptable. The vulnerable area obtained from conventional calculation on the
sixteen random shotlines is at the midpoint of this interval, while the true vulnerable
area for this example. A,. - 105.1, has from (9.5) a membership value of 0.58 .

' Since the fuzzy vulnerable area depends on the cell probabilities, the fuz7V
* vulnerable area is dependent on the grid size. Grid size impacts the bootstrap and

conventional calculations as well. In this example, if the number of cells is increased by
a factor of four, the interval of k'alues for which IA,(x) 1 has as its midpoint the true
value.

: ** * . . . ... -.-
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Furthermore, the interval of values for which the membership function equals on(-
depends upon the interval of values for which the individual celi probabilities have
membership values equal to one. We assumed in (0.1) a specific form for the fuzzy cell
probabilities. The vulnerability analyst may be able to sharpen these bounds, and in so
doing, sharpen the fuzzy vulnerability estimates.

-1o. SUMMARY

In this report, we have attempted to make the point that at many places in
vulnerability analysis there is a margin for error that comes about, not from
randomness, but from a basic inability to model uncertainty. We have considered, for a
specific example, two new approaches for vulnerability analysis: (i) a fuzzy set approach
and (ii) a statistical resampling plan known as the bootstrap.

The membership function jAz lx) in (0.5) for the fuzzy vulnerable area calculation is
illustrated in Figure 3. The fu::y procedure seeks to quantify the uncertainty inherent in
a ulnerable area calculation due to the uncertainty in the cell Pk h, estimates. This
uncertainty stems from the assignment of fuzzy kill probabilities to the individual
components and from the method of aggregation into a cell probability of kill. It has
the distinct advantage, however, of clearly delineating the inherent subjectivity.

The point estimate of A, provided by the current method of vulnerability analysis,
Av --- 133.2. is indicated in Figure 3. The fuzzy vulnerable area is symmetric about A,
but considers values in the interval (113.4, 153.0), corresponding to values of A, for
which the membership function equals one, to be equally acceptable. This interval has "c

- the appearance of a statistical confidence interval, but does not convey the same
information, since it has no corresponding probability level attached.

As discussed in detail in Section 5, the sampling distribution of A, provided by the
bootstrap has a median of 132.8 and an approximate central 0O confidence interval of
[09.3, 163.6]. The bootstrap procedure seeks to quantify uncertaintV inherent in a
vulnerable area calculation due to the rariability in the sampling procedure responsible
for selection of the cell Pk I h, estimates. The bootstrap takes the cell Pk Ih, sgi en. and
makes no attempt to model uncertainty in the values themselves. 5

I- I

....................
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Appendix A. FVi'ZY SE1'-; AND) N1 \Il I:l?1

pZ:(Idv'.1 notI ig Ilh-t nuit(an C of o!hjccl, encountcred In I Iiv rv:1l %%-l nir ir
precivcly (left i((l. Ilr'lj)(N'l Ihe ConCePIt Of a fU7Nv .e tO i)MMIdl SiV-li Cl '11,1N fl. (I-

* all rcal numriu- w~hich are *'muih greater thin one, Or t he (+i-.. of ",(-.erc% (kill
V ehiclv ,- for vvahttjle. do not Cohi1 ' it til (+I"-;~. i the 11,11:1 thai 4.Iteuiva:Ilit.'.Ie/
set met hi iulo lo dd oh prim~' for vultivralhy anil%-.' ;and( dmnififv i'u~2

.itpro% ide., a mcchajri i % %hich sujbjvctive IIr'Or1ittv)1 can lie qui"int ifited "1nd (.1' r.;1
01on. mit'h resiillt reflect jg the degree of imprec;ision in input inrorrinioin nrid diii It,

- ~clomely rclitedl field. BlOckley I and Ya o I' hVesCcesu appliedfi ''

* prOblems in ci\vi niteering andI str uctural damige.

* The fundanient al not ion Of a ftuZ7\ set is the follo~wing:

If V. (the universe' of discourse) is a collect i or objects, then aI fu--.z/ .sI A\ 1, 1~ ,f
ordered pairs

A PA { Wx )
ix here it..% (x ) ,called a mem~bership functi'on, quanitifies the grade, of member'.ltiii ,f 'Mt
A. The function p.. (x) maps x into a memnbership space \1 which is usualix taken I,, I,
the unit interval [o,11.

Example: U Aut hor,, of t lik report: A. The set or bald invii

A = (N Aeom, 0. 1). (Palmner. 0.7) (Ralphi. 0.6)).

Fobr -crisp- sets. i.e., ordinary sets, the membership funct ion reduces ti ih-
* characteristic function

PA(x =(0, ot hvrwNIse

FuZ7V sets need not be finite fets: for example, in vulneral1,1lir studies vehIclc riki r
"1loss of function" values in the unit interval [0.1]. One p0o';ibIlit y f(or 1 f1177\ .

ml charactcri7ing -highi loss of fun ction- Is dhllii tvtd in Figure 41.

5.~~14 A. Zadeiu. "Ft::y SOtP," Informateion and Control. H19C.,. ! -c,

* 1~D 1. I?!orklfy. - h e~ Ifc't of Fu::.q S' le in C'ivil En;:nf r rn;7 I't::y Sf t.-- ar~d ms.'ur f'i ' .

*1) 1 Ifo rkir TA 'Mfur, of Stru rdural1 p i'n an d .%ft ti. Vlti: lorto od I d. (1'.9

' J T P 112. "Dariac'~ Apf.rnfnli of Ein.'ii~ig Strutu~rs.- Jcu~rt:al of 16Dii EnMfr -: .!.
Deizcn, AS(E 1,17F14 )iPhaPi , r /109i. 73.LX?
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L FIGURE 4 MIDMERSHIP FLNCTION FOR ' HIGH LOS-c-OF-F L'NCTION'

* We now give several definitions for properties of fuzzy sets which are obvious
extensions of corresponding definitions for crisp sets.

A fuzzy set A is empty if and only if

AA (x) =0 for all x U U.

T'wo fuzzy sets A and B are equal if and only if

PAXW=PB(XW for all x U

The complement of a fuzzy set A, denoted by A', is defined by

PA M) 1PA W for all xtU .

The union of two fuzzy sets A and B, with membership functions PA and PD
is a fuzzy set C whose membership function is given by

PC (x = max PA(X), PB(X W X EU

alternatively written

PC W)=PA W)U PB W, X U

where Udenotes the maximum operator.



The intersectilon of two fuzzy sets A PHd B is a fuzzy set C given by

PC W)= PA (x)fln Px)1, xifu

where n denotes the minimum operator.

The support of a fuzzy set A is a crisp set S(A), given by

S(A)= X XPA (X) >01.

A fuzzy set A is said to he normal if and OL~y if

sUP PUA Wx
x

The cartesian product AX13 of fuzzy sets A and B from universes U and V,
respectively, is defined by

PA (X, Y)=rin (PAW), IB (Y)), X U, YV.-

A fu-:y number A is a fuzzy subset of the real line R.

A fuzzy number A is said to be eonvez, if for any real numbers x, y, z c
with x < y < z

PA (Y) PA (x) n 11A (Z)

An ci-let'el see of a fU7zy number A is a crisp set A. defined as

A. ={fXIPA Wx) 0), 0 < 0 < .I

The fuzzy set A is commonly %vritten, when U is finite, as

A PA (XI)/XI+ + PA (Xn)/X PA (Xi)/Xi

%here denotes the union of fuzzy sets; and when U is not finite as

A =f PA Wx x.
U

dam



The algL'brai" properties of fuzzy numbers uner the tour arithmt ic ,,:r. ,,
fuzzy addition, subtraction, mult iplicat ion and di ision i a'e boet n :. 'li I I
Mizunioto and Tanaka 1 and )ubois and Plrade. F For exaleh,, if A and iB are f,,
numbers Nvith nwmlwhrship funct ions PA and P13, then the sum r, A and B is giveni by

A+ z) = U (PA (X) "u (.) )
x + y - z

= u wp.: (x) n ti, (z -x) )
x

(I~ccalI that U and N represent the maximum and ninimum operators.)

E.ramplc If 1' = I0. , 2 ... }, A = 0.2/1 + 1/2 + 0.3/3 and

B - 0.1/2 + 1/3 + 0.2/4. then z can take tho values 3, 4, 5, G and 7 and

PA.+D(.t)= max l{p l) m (3), PA1(2) PB (2)}

a (10.2n ,. 1 0.nI} = mx (0.2, 0.1}

- 0.2.

Fuzzy addition is clearhy more c imhvrson than crisp aditio hu, ,.\,r.
summation mav be readilh implemented on the computer.

1M. Ai:urnoto and K. Traaa, "Somf Proprhfu of F'u::y Nu,'i r< , 04 Fn:.-y S, 1 VI.
Application,-, 3t. .11. Gupta. It' A'. Ita~odf. R. R. Ya-fr. Edddcrp. orth-Illirpd 11,9 7)).

D. DuboiP and If. Pradf, vp. cit.

0D. Duboz.- and 11. I'ade, Fu::y Stt nnd SyIf rwv. Thf ory and .prlica!iwtr-. .tcd- t,:;c P'r! i'.. J-
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Appendix B. A GEOMETRIC INTERPRETATION OF FUZZY ADDITION

to orde2r to determine the sum of P, and P2, we will use a geometric interpretation
to valate(8.2). On an xy-coordinate system, graph pp, (x); for the membership

function PP2 (y), graph the independent variable along the y-axis as shown in Figure 5.
For a given t, consider the line x + y = t; the values that satisfy the equation of this '

line will be used to evaluate p(p, + pj (t).

74

7 B

XI I24X

FIGURE 6 MEIMPERSHIP FUNCTIONS FOR FUZZY P1 AND1 P2

If t < x, + yj (Figure 6(a)), then either pp, (x) =0 or p 2 y)=0; this implies

min (P) W /jP (y)] 0. (B. 1)

From (9.2), p~1,, + P (t 0. By symmetry, an analogous result holds for t > x5 + vs.

Now consider t in the interval X2 + Y2 < t < X4 + Y4. Then the line x + y = t
passes through the rectangle determined by the line segments x') x4 and Y2 y4 (Figure
6(b)). At every point (X,y) in the rectangle, and in particular, at every point on the line
x + y = t within the rectangle, the value of both membership functions is one;

therefore,
1(,P() for X2 +Y 2 < t < X4 +y 4 . (B.2)

Finally, consider t in the interval x, + yj < t < X2 + Y2. On the line x + y=t
(Figure 6(c)), as x takes on values zero to X2, PP,(xW is nondecreasing from zero to one:
simultaneously, the values of pp,(y), y =t - x, are nonincreasing. Thus,



min Wx, P,2 (Y)]=g~(x,13)

until 11I~ (x) ppa (y), then

mm ) p /sa(y)l = I (y)(.)

Therefore,

P(p. + Pj Mt = pp, (x () (B3. 5)

where x* (t) satisfies the equation

P" (x*) = p, (t - x'). (8.6)

A similar argument holds for X4 + y4 :5 t < X5 + YIS.

Suppose f (x) anu' g (y) have the form f (x) = a~x + b, and g (Y) 8 2Y + bq.
Then the x* that satisfies f (x*) =g (t - x*) is given by

6= t + (D.7)

Thus, the sum of two fuzzy numbers from the class (8.4-5) maintains the same analytic
structure; that is, line segmecnts are invariant. However, the support is now contained in
10,2]. This argument extends naturally to the sum of n fuzzy numbers.

LIZr123 Z4 Z§

x*Yot X14I

FIGURE 6(a) CASE) I<Z + Yj
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